In this paper we complete the study on the asymptotic behaviour of the entanglement entropy for Kitaev chains with long range pairing. We discover that when the couplings decay with the distance with a critical exponent new properties for the asymptotic growth of the entropy appear. The coefficient of the leading term is not universal any more and the connection with conformal field theories is lost.
tanglement entropy with a coefficient proportional to the central charge of the underlying conformal field theory [1] [2] [3] . On the other hand, outside criticality, the correlations decay exponentially and the entanglement entropy satisfies an area law [4, 5] .
The presence of long range interactions radically modifies the previous picture [6, 7] .
As it is discussed in [8, 9] correlations can display exponential and algebraic decay even with non zero mass gap. This implies that the entanglement entropy may violate the area law while the system is non critical. This happens in the so-called Long-Range Kitaev chain [8, 9] , which has been the object of an intense study in the last years [10] [11] [12] [13] [14] . Apart from the theoretical interest, as a model to analyse the role of conformal symmetry in critical points, there has been recently a spectacular development of experimental devices where these long range interactions can be simulated [15] [16] [17] [18] [19] .
In [20] we studied the behaviour of the entanglement entropy of the vacuum with the size of the subsystem for a Long-Range Kitaev chain. In order to compute the asymptotic behaviour of the entropy we had to establish new results on block Toeplitz determinants with discontinuous symbol. In that paper we obtained two different regimes depending on the exponent ζ that governs the decay of the couplings. The two regimes were already analysed numerically in [8] and correspond respectively to ζ > 1 and ζ < 1. In this paper we study the intermediate critical case ζ = 1 for which new physical properties for the entropy show themselves. From the point of view of Toeplitz determinants, the critical exponent posses new challenges that must be solved before being able to determine the asymptotic behaviour of the entanglement entropy. This task is carried out in the rest of the paper.
II. THE MODEL
The Long-Range Kitaev chain is a unidimensional homogeneous fermionic chain with nearest-neighbour hopping and power-like decaying pairings,
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The exponent ζ > 0 characterises the dumping of the coupling with the distance. Its value plays a decisive role in the growth rate of the Rényi entanglement entropy [8, 9, 20] .
In a previous work [20] we analytically studied the leading asymptotic behaviour with the size of an interval of the chain |X| when ζ = 1. There we found that the entanglement entropy S α,X behaves as
up to finite contributions in the large |X| limit, with an effective central charge c given by
1/2 ζ > 1 and h = ±2 or ζ < 1 and h = 2,
This is in agreement with the numerical studies previously performed in [8] .
We see that the case ζ = 1 is the only one not covered in the previous expression. To our knowledge this case has not been considered in the literature in spite of its physical interest as it may be experimentally implemented with chains of magnetic impurities on an s-wave superconductor [21] . Our reason to exclude this value in [20] is that in order to address this case we required a technical result that was not available at the moment we wrote the previous paper. In this paper we fill this gap and obtain the scaling behaviour in the most general situation. We find that along the line ζ = 1 the entanglement entropy grows logarithmically but with a proportionality constant that can not be expressed in terms of an effective central charge. In the following we will develop the technical tools required for the previous computation.
We must first solve the model in (1) . Since it is a translational invariant and quadratic Hamiltonian, one can diagonalise it performing a Fourier plus a Bogoliubov transformation (see e.g. Ref. [20] ). After the latter, the Hamiltonian reads
where d k and d † k are also fermionic operators and Λ k is the dispersion relation
If we take now the thermodynamic limit N → ∞, θ k is replaced by a continuous variable θ ∈ [−π, π) and the dispersion relation can be expressed as
where G ζ (θ) ≡ Ξ ζ (e iθ ) and
The function Li ζ stands for the polylogarithm of order ζ. This is a multivalued function, analytic outside the real interval [1, ∞) and has a finite limit at z = 1 for ζ > 1 while it diverges at that point for ζ < 1. For ζ = 1 the polylogarithm function reduces to the logarithm Li 1 (z) = − log(1 − z). We shall take as its branch cut the real interval [1, ∞), thus Ξ 1 (z) has a branch cut along [0, ∞). These properties will be crucial in the study of the entanglement entropy of the ground state of (1).
Since Λ k ≥ 0, the state of minimum energy |GS is the Fock space vacuum for the Gaussian theories where the Wick theorem is satisfied, as it is our case, the entanglement entropy of this state can be computed from the correlation matrix [2, 22, 23] . In fact [24] [25] [26] ,
where
and D X (λ) = det(λI − V X ) with V X the restriction of the ground state correlation matrix to the sites that belong to the subsystem X, Due to the translational invariance of the Hamiltonian and given the choice of the subsystem X, which is composed of contiguous sites, the correlation matrix is a block Toeplitz matrix,
generated by a 2-dimensional symbol G(θ) which, for the ground state of the Hamiltonian (1), has the form
By virtue of (5), the asymptotic behaviour of S α,X can be obtained from that of the determinant D X (λ). The discontinuities of the symbol (8) will give the leading dominant term. In [20] , we already computed them for ζ = 1, where the lateral limits of each discontinuity commute. For ζ = 1 the symbol has a non-commuting discontinuity and we lacked a way to determine its contribution. In the following we shall solve this problem.
III. DETERMINANT OF BLOCK TOEPLITZ MATRICES WITH DISCONTINUOUS SYMBOL
In this section we shall study the scaling properties of the determinant of a block
Toeplitz matrix with piecewise continuous matrix valued symbol.
We shall denote by
From Szego-Widom theorem [27] [28] [29] we know that the leading linear term of log
is given by
where we assume det M(θ) = 0 and the dots denote subdominant contributions in the limit |X| → ∞.
As it is discussed in [20] , the next subdominant contribution for a piecewise continuous symbol with jump discontinuities at θ r , for r = 1, . . . , R, is logarithmic in |X| and has the form
where the coefficient b r depends uniquely on the lateral limits at the discontinuity θ r .
In the particular case in which the two lateral limits commute an explicit expression for b r is proposed in [20] . We review here this result.
If for a discontinuity θ r the two lateral limits
commute and are diagonalisable, then we can diagonalise both in the same basis. Let us denote by µ ± r,j , j = 1, . . . , d the corresponding eigenvalues for each lateral limit of the discontinuity at θ r . Then inspired by the similar case for a scalar symbol [30, 31] , we conjectured in [20] that the logarithmic coefficients are given by
This conjecture was verified numerically to all attainable precision. Note that the previous expression can be written in the more compact (and meaningful) form
In the following we shall argue that if this result is true, it is also valid when the two lateral limits do not commute.
case that concerns our derivation, can be stated in the very simple form:
For any d × d constant matrix C and any symbol M(θ) as before we have
Actually T X [C] = I |X| ⊗ C and the relation above immediately follows. For the determinants we have
Now, in the general case of a piecewise continuous symbol with non commuting lateral limits, M ± r , at the discontinuity point θ r , we can apply the previous result choosing the constant symbol C = (M
Now, applying the expansion in (9) to the new symbol M(M
But the two lateral limits at θ r are M − r (M + r ) −1 and I which, of course, commute. Therefore, we can apply the previous result on commuting lateral symbols and we obtain
If we combine (9), (12) and (13) we get b r = b r and therefore (11) is valid even if the lateral limits do not commute, as stated.
IV. ENTANGLEMENT ENTROPY
After the technical parenthesis of the previous section we continue with the main goal of the paper. Our task is to obtain the scaling behaviour of the entanglement entropy S α,X as derived from formula (5).
For that purpose we must use the results of the previous section to compute the block
in the notation of the last section.
Here we have introduced the 2-dimensional symbol
The linear term of log D X (λ) is derived from the Szego estimate and, given that
where as before the dots represent finite terms in the large |X| limit and the coefficients of the logarithmic piece are associated to the discontinuities of G λ by the expression derived in the previous section. Namely, the coefficient b r (λ) associated to the discontinuity at θ r is given by
Therefore, to proceed we must identify the location of the jumps of G λ and compute the lateral limits.
It is clear that the possible sources of discontinuities for G λ are the discontinuities or the zeros of Λ(θ). In our case of interest, ζ = 1, these are θ = 0, for which
has a jump; and, for h = 2, θ = π where Λ(θ) vanishes. We will discuss separately both discontinuity points.
Let us call b 0 the coefficient in the expansion of log D X (λ) associated to θ = 0. The two lateral limits are conveniently expressed in terms of the Pauli sigma matrices
Clearly for ξ = π/2 the two limits do not commute and we are bound to use the results of the previous section.
With a little algebra we get
can be written
Notice also that we have
Putting everything together we finally obtain
As we discussed before, for h = 2 this is the only discontinuity of the symbol and therefore the only contribution to the logarithmic term for log D X (λ). Namely
This must be inserted into (5) to derive the scaling behaviour of the entanglement entropy.
The linear term is obtained from the integral
where the Cauchy's residue theorem has been used and from the expression in (6) we immediately see that f α (±1) = 0.
The previous result: vanishing of the term that scales linearly with the size of the subsystem, is in agreement with the area law, that states that in the ground state of a local theory the entanglement entropy is not an extensive quantity. As we will see now the area law has corrections and the entanglement entropy scales with the logarithm of the size of the subsystem rather than going to a constant.
The coefficient of the logarithmic term for the entropy, that we denote by B α , gets just one contribution, named B α,0 , from the discontinuity at θ = 0; we are considering h = 2.
It can be computed from (5) Now it is possible to take the limit in (15) and, given that f α is an even function, the complex integral can be reduced to the following real one
where we take positive square roots.
Note that for integer α > 1
is a meromorphic function with poles along the imaginary axis located at
Hence, by sending the integration contour in (15) to infinity we can reduce the integral to the computation of the corresponding residues. In this way we get a completely explicit expression for B α,0 (valid only for integer α > 1)
In particular, for α = 2, 3 the sum in the previous expression reduces to
In the Fig. 3 we numerically check the scaling of the entanglement entropy given by the expression (16) For local theories it is possible to relate the entanglement entropy to universal properties of conformal field theories. In this case the coefficient of the logarithmic term in the expansion should read
where c, the central charge, is a constant that depends on the universality class of the underlying conformal field theory. In particular this relation implies
something that, for general h, does not hold in our case. The reason for that could be that couplings in our theory have infinite range and therefore it cannot be related to any local field theory. However, as it was shown in [20] , when the coupling constants decay faster (ζ > 1) or slower (ζ < 1) than our critical case, relation (18) also holds, even if the theory is not local. Another instance in which (18) holds is when h = −2, then ξ = π/2 and we have
which fulfil (18) with c = 1/2. This is the whole story about the logarithmic coefficient, and B α = B α,0 for h = 2, as we discussed before. However for h = 2 the dispersion relation Λ(θ) vanishes at θ = π and it induces a discontinuity in the symbol. The two lateral limits are
and its contribution to the logarithmic term in the expansion of log D X (λ) is given by
Associated to that there is a new logarithmic term for the entropy whose coefficient is given by
In the light of the previous discussion this contribution to the logarithmic term can be interpreted as coming from a conformal field theory with central charge c = 1/2.
We would like to stress again that the last interpretation is valid only for part of the contribution to the logarithmic term of the entropy. One should consider the whole coefficient B α = B α,0 + B α,π , that includes the discontinuity at θ = 0, and this, for h = 2, does not behave as predicted by the conformal field theory under variations of α. Observe that in the Fig. 3 we have considered this particular point. Also in this case the analytical formulae we have obtained are in agreement with the numerical results. As a summary, in the Fig. 4 we have recollected the previous known results (2), (3) outside the line ζ = 1 together with those obtained in this section for ζ = 1. We have coloured the parameter space (h, ζ) according to the value of the logarithmic term B α .
The model is critical, the mass gap is zero, only in the lines h = ±2. Note, however, that the entanglement entropy scales logarithmically for ζ ≤ 1 even outside criticality.
As a further check of the results obtained in the previous section we shall consider a variant of the Long-Range Kitaev Chain. Namely we shall discuss the case in which we have two singularities in the symbol (instead of one) located at θ = ±φ. One reason for this is connected to the study of the Möbius symmetry introduced in [33, 34] . While θ = 0 is a fixed point of the above mentioned transformations θ = ±φ is not, which enriches the symmetry. We do not pursue the analysis of Möbius transformations in this paper.
The new singularities in the symbol can be obtained by adding to (1) an oscillatory factor in the pairing,
with φ ∈ [0, π).
In the thermodynamic limit N → ∞, the dispersion relation is
where G ζ,φ (θ) = Ξ ζ,φ (e iθ ), and
This function vanishes at θ = 0 and π, it is smooth for ζ > 1, diverges at θ = ±φ for ζ < 1 and for our particular case of interest in this paper, ζ = 1, it reads
It has a jump at θ = φ with lateral limits iφ and i(π − φ) and another one at θ = −φ with limits i(φ − π) and −iφ.
The symbol of the correlation matrix can be written
For h = ±2 and ζ = 1 the only jumps of G λ (θ) = λI − G (θ) take place at θ = ±φ. We shall compute separately the contribution of each discontinuity to the coefficient of the logarithmic term in the expansion of the entanglement entropy.
In first place we consider the point θ = φ. The lateral limits of G λ (θ) are
The eigenvalues of G 
Observe that the expression for the eigenvalues is exactly that of the model in the previous section, with the only change of ξ by ∆ξ/2.
Therefore the contribution of this discontinuity to the logarithmic coefficient of the entanglement entropy, B α,φ , can be written
and the corresponding integrated expression for integer α > 1
The other discontinuity point, θ = −φ, can be computed along the same lines. Actually the only difference with respect to the previous case is that we have to replace ξ + and ξ For completeness we also consider the case h = ±2 that was excluded in the previous considerations. The Hamiltonian in this case is gap-less and the coefficient in the expansion of the entanglement entropy gets an extra coefficient due to this fact. In both cases h = 2 or −2 the extra term is the same and coincides with the one we obtained in the previous section. Namely, for h = ±2 we have
In the Fig. 5 we also checked the case h = 2 when α = 2. Observe that the numerical values agree with the form of B α deduced for this case.
In this work, we have completed the study of the scaling behaviour of the ground state entanglement entropy in the Long-Range Kitaev chain that we started in [20] . Our analysis is based on the relation between the entanglement entropy and the determinant of the correlation matrix. Since the chain is translational invariant, the correlation matrix for a single interval is block Toeplitz.
If the symbol of the block Toeplitz matrix is continuous, the entropy scales with the area of the subsystem and hence has a finite asymptotic limit. On the contrary, the presence of discontinuities gives rise to corrections to the area law, leading to a logarithmic growth of the entropy with the size of the interval. In [20] we considered the case ζ = 1.
There, we were able to compute the asymptotic behaviour of the entanglement entropy thanks to the fact that the lateral limits of the jump discontinuities commute in that case. However, for the intermediate value ζ = 1 we have jump discontinuities whose lateral limits do not commute and the results of [20] cannot be applied. Motivated by this physical problem, we have investigated more deeply into the theory of block Toeplitz determinants with discontinuous symbols and finally we have produced a general expression for the leading contribution to the determinant of the discontinuities (both commutative and non-commutative) in the matrix symbol. To our knowledge, this is a new result. We have checked it numerically and we find a complete agreement with the theoretical predictions.
A striking feature of the entanglement entropy in the intermediate case is that it cannot be derived from a conformal field theory. Actually in the non critical case, ζ = 1, the coefficient of the leading logarithmic term of the Rényi entanglement entropy can be derived from a conformal field theory thanks to the replica trick. This fixes the dependence of the coefficient on the Rényi exponent and the only free parameter corresponds to the effective central charge of the underlying conformal theory. On the contrary, in the intermediate case, ζ = 1, the logarithmic terms originated in non-commutative discontinuities show a different dependence on the Rényi exponent and therefore can not be related to a conformal field theory.
It would be nice to understand better this property. A starting point could be the analysis performed in [8, 9] on the asymptotic form of the correlations for fermionic chains with long range pairing.
